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Librations of a Parametrically Resonant Dual-Spin
Satellite with an Energy Damper

Hironori Fujii*
Tokyo Metropolitan College of Technology, Hino, Tokyo, Japan

The damped librations of a parametrically resonant dual-spin satellite are treated analytically. The system
consists of a gravity-oriented main body, a free, undriven rotor, and a damper mass connected to the main body.
Two methods are devised: 1) a canonical transformation method for the analysis of the attitude dynamics of the
satellite connected to a moving part, and 2) a canonical transformation method for solving the damped
parametrically resonant librations. The damped librations in the neighborhood of the parametric resonance are
solved analytically using the canonical transformation and the method of averaging. These librations are com-
pared with the case of no parametric resonance and the configuration parameters of the satellite which make the
attenuation faster are investigated. The analysis also provides a technique for obtaining the conditions for the
pervasive (complete) damping of linearized motion of the present system with semidefinite damping.

Introduction

CH attention has been given to the librations
of nonlinearly resonant rigid satellites. Kane! first
noted the effects of nonlinear resonance on the attitude
stability of gravity-oriented satellites. He has shown that in-
finitesimal roll-yaw motion can be increased by the finite
pitch motion for a certain “‘critical’’ configuration of the rigid
satellites, using Floquet theory in conjunction with digital
computation. Employing the Canonical transformation
method and the averaging method, Breakwell and Pringle?
have given an analytical explanation for the effect of
nonlinear resonance on the atttitude motion of rigid satellites
and have shown that parametric resonance causes a large in-
ternal kinetic energy exchange phenomenon and leads to the

unstable attitude motion of rigid satellites.

If energy dissipation is introduced into the satellites, this
parametric resonance is expected to affect the attitude motion
in a somewhat different manner. Using the averaging method
and numerical computations, Pringle’ has exploited the
nonlinear resonance in damping librations of a particular
satellite (where a pair of point masses are connected by a
dissipative spring) and has shown that the damping in the roil
mode is markedly improved by another mode which resonates
parametrically with the roll mode and thus exchanges modal
energy with it. Likins and Wrout* have suggested that the
parametric resonance be exploited as an internal kinetic
energy exchange mechanism to accelerate energy dissipation
and consequently to attenuate satellite librations. As a
preliminary step in their analysis, they investigated the bounds
of librations for parametrically resonant rigid satellites by
portraying these bounds numerically.

The object of the present paper is to investigate analytically
the attenuation of librations of parametrically resonant
satellites having finite mass and connected to an energy dam-
per.

In the present analysis, the main vehicle (main body and
rotor) is not assumed to be a point mass and the system con-
tains a damper mass. Therefore the formulation of the
canonical transformation method employed in Ref. 3 for the
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case of a point mass is not directly applicable and that em-
ployed in Ref. 2 for the case of a rigid satellite becomes very
complex to apply because the deflection of the damper mass is
coupled with the satellite attitude deviation. In order to avoid
this difficulty of application of the canonical transformation
method, a formulation is presented to describe the damper
deflection with respect to a coordinate system with axes
parallel to the orbital frame. The normal modes in the linear
motion are then derived using the canonical transformation
method.

In the present analysis, the main vehicle (main body and
rotor) is not assumed to be a point mass and the system con-
tains a damper mass. Therefore the formulation of the
canonical transformation method employed in Ref. 3 for the
case of a point mass is not directly applicable and that em-
ployed in Ref. 2 for the case of a rigid satellite becomes very
complex to apply because the deflection of the damper mass is
coupled with the satellite attitude deviation. In order to avoid
this difficulty of application of the canonical transformation
method, a formulation is presented to describe the damper
deflection with respect to a coordinate system with axes
parallel to the orbital frame. The normal modes in the linear
motion are then derived using the canonical transformation
method. i

The parametrically resonant motion is treated employing
the averaging method and is described by two modes in which
a large nonlinear energy exchange occurs. These two
parametrically resonant modes can be described by two action
variables both varying rapidly with respect to time. In-
troducing a canonical transformation, these two action
variables are transformed into two new action variables. The
first is a rapidly time-varying and the second is a constant for
the associated conservative system. This transformation is
used to solve the parametrically resonant motion of the con-
servative system by means of elliptic integrals. Employing
these solutions of the conservative system as generating
solutions, the method of averaging is applied to the non-
conservative case to solve for the action variable which was
constant for the conservative system. This solution can be
used to estimate the decrease in the Hamiltonian of the non-

consérvative system.

Accordingly, an approximate solution of the Hamiltonian
is obtained analytically for the present nonconservative
system. To clarify the features of the parametric resonance in
damping librations, the damping behavior of the satellite at-
titude motion is shown for the case of parametric resonance
and that of nonparametric resonance. Finally, the ap-
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proximate solution is compared with the solution obtained by
numerically integrating the canonical equations for the
variations of generalized coordinates and moments.

System Description

The dual-spin satellite system consists of a rigid body, a
rigid rotor whose spin axis is one of the principal axes of iner-
tia, 4;, of the main body, and a rigid two-degree-of-freedom
energy damper mass connected to the main body (Fig. 1). The
mass center, G, of the satellite moves on a circular orbit under
the purely gravitational force field of the center of attraction
P. The constant orbit angular rate » is assumed to be n=1 and
the unit of time is 2w orbit period. The orbit frame F°
(G—Z%;, X,, ®;) has its origin at G; the £, axis is taken along
the radius vector from P to G, the £, axis is along the orbit
velocity vector, and the £; axis is along the orbital angular
velocity vector. The combination of the main body and the
rotor is referred to as the main vehicle. The frame F* (C—~d,,
d,, d;) which is fixed to the main vehicle has its origin at the
mass center C of the main vehicle and the unit axes @,, 4, and
d@; are fixed to the main body. It is assumed that these axes are
the principal axes of the main vehicle and the corresponding
moments of inertia are I;, I, and I;. Next, if the frame F° is
shifted to the orbit frame F, (C—y,, #,, ;) which has the
origin at C and each unit axis y; is parallel to X;,J=1,2,3, the
frame F; is related to the frame F” by the three successive
rotations #; —0,—6; as shown in Fig. 1. Then the vector r

from C to the damper mass can be expressed by the following
two equations.

r=(r;+%&,)d;+&d,+4&;0; ¢))
and
r=m0,9;+n,9,+959; ‘ 2

where r, is constant and £&;, which is assumed to be zero, is a
fictitious coordinate.

The vectors £ = (r; +£,, £;, £3) T and 9= (7, n;, 13) T are
related by

ri+é&;
£ =| —cosf,-sinf; cosh,-cosd;-sind; -sinb, - sinf;
£ sinf, —siné; - cosf,

Fig.1 A dual-spin satellite connected with a damper mass.
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It is assumed that the elastic potential energy Ve and

Rayleigh’s dissipation function F can be expressed as follows
3

Ve=Y: Y k;t} @
j=2 :
3
F=Y% Y, ¢§ )
j=2

where dot denotes differentiation with respect to normalized
time (i.e., true anomaly) and k; and c; are spring constants
and the damping coefficients.

Assuming that the torque applied to the rotor is zero, the
equilibrium condition for the rotor is given by

oM + oS £ 7+ I=constant ©)

where w¥ (j=1,2,3) are the components of the angular
velocity of the main body with respect to inertial space in
body axes d; (j=1,2,3), and ° is the component of angular
velocity of the rotor about @; axis with respect to the main
body.

Hamiltonian Function of the System

The kinetic energy T and the gravitational potential energy
V, for the present satellite system are given by the following
equations:®

3
T=4% ( Y LM 4+ 208 oMy +I§w‘2>

Jj=1
m 3
+ 5 [ Y 7 +2(num,—m2) +n?+n§] @)
j=1
3 2 2 in2
V,= > [(I;~1,)cos%8,-cos?0; + (I; —1,)sin%8,]

m
+ 5 (=2ni+ni+nd) ®

costl,-cosfl; cosf,-sinf;+sind, -sinf,-cosf; - sind, - sinf; —cosb, - sinb,-coss | | 7;

sinf; - cos; +cosf; - sinf, - sinf; 12 3)
cosf; - cost, s
where

w} =6,c0s0, - cosf; + 8,sind; + sing, - sind,
—cosf; -sind, - cosh;

w¥ = —0,cos6, -sinb; +6,cosb; + sind, - cosh,
+ cosf; -sind, - sinf;

w¥ =0,sinb, + 6; + cosb, - cosh,
ang I¥ is the moment of the rotor about ¢ axis,
m=MPMV/(MP +rmV) is the reduced mass, M" is ths

mass of the main vehicle and M? is the mass of the damper.
The Routhian function R is given by

R&L— (3L/3w )" =T~ Vg—Ve—IRw* (r+1) )

where L 27— Vg— Ve is the Lagrangian. The generalized
momenta ’'p;, 'p,,..., Ps conjugate respectively to 6;, 6, 6,
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71, N2> 13 are defined by
"p1=08R/36,=1,00s0, - cosf; — I,witosh, - sind,

I8(r+1)]sing, (10a)

+ [0ty
'p;=08R/30,=1,0%ing; + Lwitos, (10b)
'py=0R/86; — (I; = I9)|= (I, — I§) (0¥~ 1) [EM(w¥- D) ]
(10¢)
‘Ps=3R/3n;=m(q;~n,) (10d)
’p5=6R/61§2—mr,=m(ﬁ2+n,—r1) (10e)
'Ps=0R/dn;=mn; : (10f)

Since the constraint, Eq. (3), is holonomic, the present motion
can be investigated by setting the fictitious coordinate £; to
zero, and by expressing 7, (and N5, 'Pg) in terms of other
coordinates by Eq @B)with ;=

Introducing ‘py,..., 'ps and the above-stated holonomic
constraint and collecting the terms of equal orders in the
generalized coordinates and momenta, the Hamiltonian H of
the system is obtained as follows:

H=H2+H3+... (11)

where

1 1 ,
H,= ‘pi+ ‘pi+ 'Pi+ —— 'p}
2 P 212 V53 21—]?” D3 2m D5

21,
1 L+IEr-1
T om ‘pi— “3—"13“—1 "D10;~"p,0,+3rma05~3rms0,

1
~karimads+ ksriOpms+ 5 [41, 4L, +Br

Ry 2
 Mstlr=1)" _, +k3r3]o§+ Yo (I3 +IRr) 83

7,
+ V4 (=31, =31, = 3mri+k,r3) 02 + Vakynd + Y (m+ k3 ) nd
1 1 1
H= _—___)Ip /po______lp /po
3 I] 12 1 2Y3 11 1 #3Y2
1 1
+ (o= 10) U+ 150 210,
1 L+Ifr 1\,
P L g (B Ly

+'Ds(n205~130,) —Var, ' ps(05+63) —k,rim;0,0;

—ksrim0,8;+ (ky~k;)nmy 0,
and the terms higher than the third order are neglected.

Linear Analysis and the Normal Modes

The Hamiltonian, H,, consisting of the second order terms
in the generalized coordinates and momenta, can be trans-
formed into the following form:

5
1
=5 E pj+wfq, (12)
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Fig. 2a Comparison between analytically and numerically predicted
behaviors of H: plots against time in orbits.
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Fig. 3a Companson between analytically and numerically predicted
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Fig.3b Plots of J,, J,, J and L against time in orbits.
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In the above expression, p;, q; and «; are calculated from the canonical transformations’ given by
e, [ 0 0 0 (20,/i0;)Cy; (2p3/iw;)Cyy (2p3/iw3)C3} g
b, 201C12 2p2C2»  2p3Cy 0 0 0 q;
LEAN 20,C13 202C3  2p3C3; 0 0 0 43
Py - 201Crs 20,C24  20;C34 0 0 0 P )
‘P2 0 0 0 (20,/iw))Cs (20,/i0;)Cas (2p3/iws) Css bp; .
L 'Ps ] L 0 0 0 | (20,/iw;)Crs  (2p3/iwy)Crs  (2p3/iw3)Css | | D3 |
0, ey /YN psds /Y)Y 0 0 q4
M, pdp/Nm psds;/Nm 0 0 qs
‘D3 B ; 0 0 Py (Y)Y psds, (I¥) " Py {14
L'Ps 0 0 pd Nm psds;Vm Ds
In Eq. (13), forj=1,2, 3,
rCy ) [ iw; (I + 1, —I; —I%r) (mw? —m—k3) N
C; — (Lo? + 1, - I;—I§r) (mw} —m—k;)
C; 1 — (0} + 1= 15— I8r) (ks —3m)r,
C; T Lim 1,07 — (I, = I = I§r) (I, = I; — I§r) ] (mw? —m—k;)
C; —iw I I; (w? —1) (mw} —m—kj)
| Cis | | —iw; (Jyw} +1,—1;=I%r) (ks —3m)mr, N
+w; (j=1, 2, 3) are the roots « of the following equation
L2 =L+ 1;+Br (I +1,—I;—I%r)« 0
—(;+1,-I;—-I%r)« L +41;—4I, +I%r+ (k; —3m)r} (k;—3m)r,; =0 15)
0 (k3=3m)r,; mi?+m+k;
p; (/=1,2,3) are determined by
4p?
i, (—CjCjy+CpCis+CyCis) =1
In Eq. (14), forj=4,5
d; [—3U,=1) + (ky=3m)ri1 /1Y —w?
[ d; ]zl: (ks —3m)r;/(mI¥)" ]
o? () +d%) =1
+w; (j=4,5) are determined by
[=3U,-1,)+ (k; —_—3m)r§]/l§”—w2- Bm—k,)r;/(mI¥)"
l Bm—ky)r,/(mI¥)» ky/mi—w? =0 (19

Then the linearized equations of motion can be written in
the following form .

q;(=0H,/dp;) =p,

) 17
p;(=—08H,/dq,—3F/3q;)
'=_wlq —of/dp,

where H, is represented by Eq. (12), F is represented by Eq.
“(5), and p; and g, are expressed with the aid of Eq. (3) with
£,=0 and the canonical transformations, Egs. (10), (13),
and (14). For the equilibrium condition ¢;=p;=0 (j=

1,...,5), the damping of every normal mode can be inferred
from an examination of the terms aF/dp;, (j=1,...,5).
Therefore, conditions for pervasive (complete) damping are
obtained for the present linear system with semidefinite dam-
ping as follows: (c;, ¢; >0)

OF(Di,qy ey, 5) 0D 20 (j=1,...,5) (18)
or
4T, ~1,#0 (19a)
L+, -I;-IBrz0 (19b)
(I§r)2 = (L, =) I’r—4(I;+ I, =1I;)I,#0 (19¢)
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Asymptotic stability conditions for the system with per-
vasive damping are obtained from the requirement that H, be
a positive definite function.® This is eéquivalent to requiring
the matrices (15) with x =0 and (16) with w; =0 to be positive,
or

AE L+, +IBr>0 (202)

Ay 2 4L~ 41+ I r+ (ks —3m)ri >0 (20b)
AR A A, (mtks) — (ks —3m)2r2] >0 (200)
AR 3, ~1) + (ky—3m)r3 >0 (20d)
AsEp,ky— (Ry—3m)2r3 >0 (20€)

Thus the equilibrium state of the present linear system is
asymptotically stable if the conditions ¢19) and (20) are
satisfied.

It is noted that the present formulation enables one to
examine whether the linear system with semidefinite damping
is pervasively damped without recourse to the methods con-
sidered by Roberson® and Connell.1©

Parametrically Resonant Librations

It is assumed that the conditions (20) are satisfied and that
the generalized coordinates and momenta g;, p; (j=1,...,5)
are small. If terms up to the second order in these parameters
are considered in the Hamiltonian and the damping coef-
ficients ¢, and c; are set to zero, the solutions of the equations
of motion, Eqgs. (17), are obtained in the following form:!!

q;=(J;/ww;) %sin2aw; 21a)

» G=1,....5)
py==(hny/w)%0082wug (Zlb)

where J; and w; are given by

5

Hy= Y, vJ, (22a)
j=1
J;=J;(0) (22b)
W= vt 46,2 (0, /2m) 1+ B; (22¢)

and J;(0), v; =w;/27 and ; are constants.

Takmg into account the nonlinear and damping effects, or
including the terms up to the third order of g; and p;
(j=1,...,5) in the Hamiltonian and Rayleigh’s dissipation
functlon with ¢, #0 and ¢; =0, the equations of variations of
the parameters are obtained as follows

J;= —aH3/awj—Q;v (23a)
y=1,...,5)
W; —3H,/8J;=0H;/3J;+ Q] (23b)

where

3 5
Y [0F(£,,£5) /08,188 = Y, (QIoT+QYow;)
k=2 : j=1

To investigate the nonlinear equations, Eq. (23), the
method of averaging is employed, assuming that the values of
the terms in the right-hand side of Eq. (23) are small and that
they can be expressed by the solutions-of the form given in
Eqgs. (21). Thus H;, Qf and QY (j=1,...,5) are averaged over
a long period of time. It can be shown that, in the neigh-
- borhood of the parametric resonance conditions, i.e., for

vy=2v;,vs=2v;,(j=1,2,3),v,=2vs5,(v4>vs) 24)
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an interesting phenomenon of motion exists, namely, large
nonlinear energy transfer between two modes of motion due
to parametric resonance.?? The neighborhood of the con-
dition v,=2v,, i.e., 2v; —v,[ =€] < <1, is treated below as
an example.

The averaged Hamiltonian H having a long period
1/¢> >1 can be written as follows:

5
ﬁ: E T+ AT T cos2m (2w, —W,) (25)

where R
AR (p3py /7o N7 [T +15r)C Py = Cyyl
X Csd g (171, —1/1,) VP!
+kyryCp Crsd g NBE + ks, C Crad p/Nm

+ (k3 —kZ)CII‘CI3d42/\/7n] +Cpw VBICldy /1,

~ [+ ) /T, = o WI¥ Cpdy —Vm(Cp3 +r,C13/2)d g}
~VI¥Cdy, 0’4] :

and (~) denotes averaging over a long period of time. The
Hamiltonian equations are, forj=1,...,5,

Jy=—H,/8%,— (¢, Dy +¢3Dy;) ), (26a)
W=7, +aH,;/8J, (26b)
where |

D=0 (i=123)
Dzj=pf(r,d,,/ﬁ§4—dj2/\/7n) (j=4.5)

Dy = (4p}/iw;) (Cis/m+r1,Cjs/1,
=rCy)(r;Cp+Cj;3)° (J=12,3)
Dyi=0 (J=4,5)

and it assumed that c,D, (j=4,5) and ¢;D3; (j=1,2,3) are
small. Since 9H ;/ aJ; =0 for j=2,3,5, we obtain

J; (t) =J;(0)exp[ — (c;Dy+¢3D3) 1] (27a)
i=2,3,5)

W () =5;(0)t+5;(0) (M)

From Eqs. (27), it is seen that the generalized coordinates and
momenta in the non-resonant modes, §; and p; for j=2,3,5,
are damped out to zero if the conditions (18), or (19), are
satisfied. For the parametrically resonant modes, the analysis
is more complicated. Thus, in order to simplify the analysis,
the following canonical transformation is employed.

(J,=2J,)74=J, (J,+2J,)/4=L,

Then the Hamiltonian A becomes

A= Y

j=235

7.0+ (25, — 5} J+ (25, +7,) L+ 24

X (J+L)(L—J) Vcos2mw 29)
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and the Hamilton equations for the parametrically resonant
modes become as follows:

J=4rnA(J+L) (L~J)"sin2aw—c,D,,(J—L)/2

+C;D3; (J+L)/2 (302)
L=—c,D,,(J—L)/2—c;D35;(J+L)/2 (30b)
w=0H/8J ‘ (300)
v=3H/3L (30d)

To solve these equations, consider first the conservative
system with ¢, =¢; =0 and

. A o
H2A- Y 7
J=235
constant. In this case, one of the canonical variables,

L( -A——Lo), becomes constant, and Eq. (30a) can be written,
using Eq. (29), as follows

J/27m =+ {442 (J+Ly)? (Ly—J)

—[Ho—eJ— (25, +7,)Lo)%} % _ @31

where e =27, — 7, < <1. By setting J=0in Eq. (31) and using
the fact that H,, is constant, the extrema of J, or J,,, are deter-
mined from

H,=¢J,+ (29, +7,)Lo+2A(J,,+Ly) (Ly—~J )" cosN=n
(N=0,+1,x2,..) 32)
and Eq. (31) becomes
J2n=x{(4A2(J+Ly)* (Ly—T) — [e(Jp~J)
+2A(J,,+Lo) (Ly—J,,) " "cosNw}?}% 33)

The behavior of solutions of Eq. (33) may be observed in
the following manner.f If one of the extreme values, J,,, (>
—Ly) is assumed to be sufficiently close to —L,, or if it is
assumed that J; | j_;, =2(J,; +Lg) [>01=0and J,1,_;,,
=Lo—Jn, =2L,, another extreme value, J,,, is obtained
from Eq. (33) with J=0 as follows:

Ty =Lo—€/4A2 | ¢4

where J; |;_;,,=2[2L,—€’/4A?) and J,|,_;,, =€’ /4A2.
Thus, it can be seen that if 2L, > >¢?/4A? a large amount of
nonlinear energy transfer exists between the modes #, and 7,
and, on the contrary, if €?/442 > 2L, no significant nonlinear
resonance phenonemon occurs.

When the condition le/A41/2(2L,) " < <1 is assumed, two
types of initial conditions may attract our attention: one is the
condition J, (0) =0, or J(0) = — L,, where the energy of the
modes ¥, and 7, is almost contained in the mode 7, (this
situation is similar to that treated by Kane! and Likins and
Wrout.*) and another is the condition J,(0) =0, or
J(0) =L,, where that energy is almost contained in the mode
7, (this situation is similar to that treated by Pringle?).

Assuming the initial condition J(0)=J,=—L,+¢;
(0<e¢;<<1) and that the quantities ¢;/L, and le/Al/2
(2L,) * are sufficiently small and their second and higher or-
der terms are negligible, the solution of Eq. (33) can be ob-

tReaders can find in Ref. 3 a method to view Eq. (31) [i.e. to view
Eq. (33)] in an instructive manner.
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tained in terms of elliptic integrals as follows
J=Lo - (2L0 +61 ) 1k2sn2 [2A (2L0) %
X (14+¢,;/4Ly) wt+ K, k] N E2))

where sn(u, ;k) is the Jacobi elliptic sine, X is the complete
elliptic integral of the first kind, ;k?=1—¢,/L, and the con-
dition0< ;k? <1 or0<1—e;/L,<1 isassumed.

Furthermore, assuming the initial condition J(0)=J,, =
L, and that le/A41/2(2L,)* is sufficiently small that its
second and higher order terms are negligible, the solution of
Eq. (33) can be obtained as follows

J=Ly—[2L,+ le/A| (2L,) */2) ,k?

xsn? [2A[2L o+ le/Al (2Ly) /2] Y xt, 1k] 36)
where

ok? = [2Lo— |e/A1(2Lo) */21/12Lo+ e/ A1 (2Ly) % /2]

and the condition 0<,k?<1 or 0< le/A1/2(2L,)" <1 is
assumed.

Let us now consider the parametrically resonant modes for
the non-conservative system with ¢, #0 and c;#0. The
damping behavior of L can be obtained by the formal method
of averaging.!? Assuming that the values of ¢,D,, and ¢; D3,
are small, the averaged solution I to the first approximation
is obtained from the following equation which is constructed
from Eq. (30b)

1 ¢ N 5
L=lim = So[—czD24(J—L)/2—c3D3, (J+L)/21dt 37)

In the above expression, if the initial condition is given by
J(0)=—~L(0)+¢,;, J should be expressed by Eq. (35) with
L,=IL and if the mltlal condition is given by J(0) =L (0), J
by Eq. (36) with L, = L. Using the relation

I T
D= A E/K=lm — So [1—k?sn?uldt (j=1,2) (38)
17— T
where FE is the complete elliptic function of the second kind,
the solution I of Eq. (37) can be obtained as follows:
1) For the initial condition J(0) = =L (0) +¢;
L(t)=L(0)exp{ — [(I~,;P)c;Dz+ ;5c3D31)}
+e5-,Cullexp{ — [ (1 — ;D) ;D + 1 pcsD3; 1} —14/2 (39)

2) For the initial condition J(0) =L (0)

_ (L))" =(L(0)) " exp{ = [(1—25)c; D4+ ,5c3D53,1/2)

+e,C, [1—exp( ~ [ (I=,5)¢; D+ 153 D3, 1/2)]/(24) %
(40)
where

C,=(c;Dz—c3D3;)/ [ (1—;p)C; Doy + jpes Dy )

(=12)
P=EK(L(0))1/K[;k(L(0))]

Since in the present situation the value of H, is small com-
pared with that of H,, the Hamiltonian can be represented by

5
_E @1)

IR
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or
H=eJ+ (25, +7,)L+ 5, 2)
Jj=235

Assuming that the values of the terms containing ¢; and e in
Eqgs. (39), (40), and (42) are sufficiently small, the
Hamiltonian is approximately written by

A= +i)L+ Y, 5], 43)
j=235

and, using Eqgs. (27), (39), and (40), We can finally obtain an
expression for the Hamiltonian as follows

H= (25, +75,) [J;(0)/4+J,(0)/2] exp

{— [(I—;PYe;Dyy+ ;pc; Dy, 1t}

+ X

k=235

5 Ji (0)exp[ — (¢;Dy +c3D3) 1] (44)

both for the initial conditions J; (0) =2 [J(0) +L(0)] =2¢,
<<1(;p=,p) and J,(0) =L(0) —J(0) =0(;p= D).

The damping behavior of the satellite librations can ap-
proximately be observed from the decrease of Hamiltonian of
the system, since H,, which dominates in the value of H, is a
positive-definite function of these deviations and their time
derivatives [see Eqgs. (11)-(14)] . Therefore, Eq. (44) shows the
attenuation of the librations when parametric resonance oc-
curs.

This results may be compared with the case when no
parametric resonance exists and the Hamiltonian of the
system is expressed to the second order as follows:

H=7,J,(0)exp(—c;D3;1) + 5,J (0)exp( ~ ¢, D,1)

+ L

Jj=235

57 (0)expl — (c Dy +¢3D3;) 1] 45)

Comparing Egs. (44) and (45), it can be seen that: 1) if J,
0) /7, 1(0)< <1, the value of J; in the parametrically
resonant case decreases faster (slower) than that in the
nonresonant case when ¢,D,, >c;Dj; (c3D3, >c,Dyy); 2) if
J(0)/J,(0) < <1, the value of J, in the parametrlcally
resonant case decreases faster (slower) than that in the
nonresonant case when c;D;; >c,Dy (c3D5>c¢3D3;); 3)
when ¢, Dy =c3D;;, for both of the initial conditions
J,,(O)/J, (0) < <1, and J, (0) /T, (0) < <1, the values of J,
and J, decrease in the same speed both in the parametrlcally
resonant and the nonresonant cases.

This observation shows that for parametric resonance be-
tween two modes, the action variable J;(0) [J,(0)] is
damped out due to the significant influence of energy
dissipation in another mode corresponding to ¢,D,, [c;D3;].

Comparison with Numerical Solution

The approximate solution (44) obtained analytically is now
compared with Eq. (25) obtained by solving numerically Eqs.
(26) with the initial conditions J, (0) =J; (0) =J; (0) =0. To
simplify the numerical integration of Eqs. (26), the following
canonical transformation is introduced 3

x;=(J;/2%) #sindaw,, y,=(J,/27) " cosdnw, (46a)

xy= (T /m) sin2aw,, y = (J,/7)"%sin2aw, (46b)

and the following equations of variations of parameters x,,
Y1, x4 and y, are employed in place of Egs. (26)

X, =0H;/3y,— (¢c;D3;/2)x, (47a)
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Y1=—0H;/0x;— (¢c;D3/2)y, (47b)

Xy=08H;/0y,~ (c;D14/2)x4 (47¢)

Ye=—08H;/0x,— (c;D34/2)y4 (47d)
where

H;=27A[x (5§ +yD) 1) (0104 +X1%4) (8)

As an example, the configuration parameters of the system
are chosen as follows .

(I, =1,)/I;=—0.9, (I,—I,)/I,= —0.5, I /I,=0.1,

I’r/1,=0.173, {mr3/I;1% =0.00076,k;/m=0,
[k,/m] "% =0.00001, A=0.171

where e=2v, — v, =0.00152. In Figs. 2a-5a, the approximate
solution (44) obtained in the present analysis is compared with
the numerical solution obtained from Eqgs. (47). It should be
noted that in Figs. 2-5 the values of H, J;, J and L are shown
with their values normalized by I;.

Figures 2 and 3 show the long period motion of the type J;
(0)/J,(0) < <1 with damping c¢;D;; =0.033 and 0.082,
respectively, and with the initial conditions J;(0) =0.01 and
J,(0) =0.25 (¢; =0.005). The value of c, is selected to be zero
in order to clarify the damping due to parametric resonance.
The behavior of the Hamiltonian A is shown in Figs. 2a and
3a and, using numerical integration of Egs. (47), the behavior
of the action variables J;, J,, J and L are shown in Figs. 2b
and 3b. It is seen that the variation of L is rather moderate

0.04 ¢ CyDp,=0.02
Cz=0

0031 numerical
H =
0.02F approximation —
Eq.(44)
0011
0 2 4 6 8

Fig. 4a Comparison between analytically and numerically predicted
behaviors of H: plots against time in orbits.

0.25

0.05

005

Fig.4b Plots of J;, J,, Jand L against time in orbits.
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0 " - ———
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Fig. 5a Comparison between analytically and numerically predicted
behaviors of H: plots agamst time in orbits.

0.25
Cy3=10
0.20H
- Ji
-
0.15
=
= J
0.0} “
L
0.05 [ 1~
—
N N~ .
0 \ I' \ pa f =
\, 2 \1./ 8 ~~—8
A -
-0.05} J

Fig. 5b Plots of J;, J,, J and L against time in orbits.

with respect to time in comparison with those of J,;, J, and J
and it is similar to that of H.

Figures 4 and 5 show the long period motion of the type J,
(0)/J,;(0) < <1 with damping c,D,,=0.02 and 0.05,
respectively. The initial conditions are J,(0)=0.25 and J,
(0) =0.000! and it is assumed that ¢; =0.

From Figs. 2a-5a, it is shown that by the approximate
solution (44) it is possible to predict the decrease in the
Hamiltonian of the damped librations of the parametrically
resonant satellite.

Conclusion and Recommendations

In the present paper, a mathematical model is formulated
to analyze the attitude dynamics of a dual-spin satellite with a
gravity-oriented main body and a damper mass. It is shown
that the canonical transformation method can be easily ap-
plied to the present system by describing damper motions in
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terms of coordinates parallel to the orbital frame and then in-
troducing constraint equations.

The effect of parametric resonance on the attenuation of
satellite librations has been investigated. It is shown that the
rapidly time-varying canonical variables (e.g. J; and J,) of
two parametrically resonant. modes can be transformed into
the moderately time-varying (L) and rapidly time-varying (J)
canonical variables; the variation of the Hamiltonian can be
obtained analytically by making use of the resulting
moderately time-varying canonical variable. The effect of
parametric resonance on the damped motion is observed via
the decrease of the Hamiltonian of the system.

The attenuation of librations has been analyzed and its
features in the case of parametric resonance and of no
parametric resonance are compared. The configuration
parameters of the satellite which lead to faster damping of
these two cases are also investigated.

An analysis of the linearized system shows that the present
mathematical model provides a useful technique of obtaining
the conditions for pervasive damping of attitude motion for
the class of satellites treated here.

It may be seen that the present procedure of analysis is ap-
plicable to attitude dynamics studies on a wide class of two-
body satellites including both linear and nonlinear motions
and that the extension to many-body satellites can also be ex-
pected.
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